Abstract. For the "Hopf bundle" S 1 → S 2n,1 → CH n , horizontal lifts of simple closed curves are studied. Let γ be a piecewise smooth, simple closed curve on a complete totally geodesic surface S in the base space. Then the holonomy displacement along γ is given by
Introduction
Consider the Hopf fibration S 1 → S 3 → S 2 . Let γ be a simple closed curve on S 2 . Pick a point in S 3 over γ(0), and take the unique horizontal lift γ of γ. Since γ(1) = γ(0), γ (1) lies in the same fiber as γ(0) does. We are interested in understanding the difference between γ(0) and γ (1) . The following equality was already known [2] : In this paper, we shall generalize this fact to (higher dimensional) pseudospheres and the complex Heisenberg group. First we look at the fibration of the pseudo-sphere S 2n,1
S
1 → S 2n,1 → CH n a principal S 1 -bundle over the complex hyperbolic space CH n . Let S be a complete totally geodesic surface in the base space CH n , and ξ S be the pullback bundle over S. Let γ be a piecewise smooth, simple closed curve on S parametrized by 0 ≤ t ≤ 1, and γ its horizontal lift. The pullback over the curve γ is called a Hopf torus (so γ is a curve on the Hopf torus). Then We also carry out a similar investigation for the complex Heisenberg group. Let 1 → R → H 2n+1 → C n → 1 be the central short exact sequence of the complex Heisenberg group. Let S be a complete totally geodesic plane in C n , and ξ S be the pullback bundle over S. Let γ be a piecewise smooth, simple closed curve on S. Then
where A(γ) is the area of the region on the surface S surrounded by γ, and the number e(ξ S ) is determined by the equality [v, w] = e(ξ S )e 2n+1 for an orthonormal basis {v, w} for the tangent space of S (See Theorem 4.1).
Preliminaries
The proof of the statement in the introduction (in the case of the Hopf fibration
, such is not available because the base space is not compact. Therefore, we cannot apply the arguments in [2] directly, and need to develop a new method of proof. It turns out that S 2,1 is the building blocks for higher dimensional cases.
Let
of Riemannian manifolds, with B a 2-dimensional complete manifold and p a Riemannian submersion. For a simple closed cure γ(t), 0 ≤ t ≤ 1 on B, the holonomy displacement V (γ) along γ is defined as follows: Let γ(t) be the horizontal lift of γ. Then
for some V (γ) ∈ F . We shall establish a technical lemma which will be used later. Proof. Let us assume that F = R. The case of F = S 1 will be similar. Let γ 0 be a curve on B. Since the region surrounded by γ 0 is compact, we may assume that this region is contained completely in one local patch. Let
be a local chart, and p −1 (U ) ≈ U × F . For notational simplicity, we shall identify R 2 with U (and suppress φ). Let Ω(U, γ 0 (0)) and Ω(R, 0) be the space of paths emanating from γ 0 (0) and 0 ∈ R, respectively. For each γ ∈ Ω(U, γ 0 (0)), let ω γ be the unique curve in R so that η(t) = γ(t) · ω γ (t) is the horizontal lift of γ. This defines a map
by Z(γ)(t) = ω γ (t). We use the sup metrics ρ on both Ω(U ) and Ω(R). That is, 
The bundle S
We shall study the bundle
information on S 2n,1 , see [3] . We first consider the case when n = 1. Rather than using
Here SU (1, 1) = {A ∈ GL(2, C) : AJA * = J and det(A) = 1} where
. From now on, we shall use the convention of gl(n, C) ⊂ gl(2n, R) by 
The group SU (1, 1) has the following natural representation into GL(4, R):
with the condition w
In fact, the map
is a monomorphism from the unit quaternions into GL(4, R). Therefore,
The circle group
} is a subgroup of SU (1, 1), and acts on SU (1, 1) as right translations, freely with quotient CH 1 , the complex hyperbolic line, giving rise to the fibration
In order to understand the projection map better, let w be the "i-conjugate" of w (replace w 2 by −w 2 ). That is,
Then,
Clearly, CH 1 can be identified with the following
Therefore, the map p : SU (1, 1) −→ CH 1 defined by p(w) = w w has the following properties:
This shows that the map p is, indeed, the orbit map of the principal bundle 
which is the exponential image of
Of course, SU (1, 1) is topologically a product S 1 × CH 1 . The map p restricted to T is just the squaring map; that is, 
where A(γ) is the area of the region on CH 1 enclosed by γ.
Proof. Let γ(t) be a closed loop on CH 1 with γ(0) = p(I 4 ). Therefore,
cosh 2x(t) 0 sinh 2x(t) cos y(t) sinh 2x(t) sin y(t) 0 cosh 2x(t) − sinh 2x(t) sin y(t) sinh 2x(t) cos y(t) sinh 2x(t) cos y(t) − sinh 2x(t) sin y(t) cosh 2x(t) 0 sinh 2x(t) sin y(t) sinh 2x(t) cos y(t) 0 cosh 2x(t) γ is a lift of γ) , and let
Put η(t) = γ(t)·ω(t). We still have p(η(t)) = γ(t), and η is another lift of γ.
We wish η to be the horizontal lift of γ. That is, we want η ′ (t) to be orthogonal to the fiber at η(t). The condition is that ⟨η ′ (t), (ℓ η(t) ) * (e 3 )⟩ = 0, or equivalently,
for some α 1 , α 2 ∈ R. From this, we get the following equation:
By virtue of Lemma 2.1, it will be enough to prove the statement for a particular type of curves as follows: Suppose we are given a rectangular region in the xy-plane
Consider the image R of this rectangle in CH 1 by the map (x, y) → r(x, y) = (cosh 2x, (sinh 2x)(cos y), (sinh 2x)(sin y)), Thus, the area is
On the other hand, the change of z(t) along the boundary of this region can be calculated using condition . Label the four vertices by A(p, q) ,
B(p + a, q), C(p + a, q + b), and D(p, q + b). AB can be parametrized by x(t)
Similarly, z(t) does not change along CD, but on DA,
Thus the total vertical change of z-values, z(1) − z(0), along the perimeter of this rectangle is b · (sinh 2 (p + a) − sinh 2 (p)) which is 1/2 times the area. □ Now we turn to the general case
We are viewing S 2n,1 ∼ = U (1, n)/U (n), and , n) , and has the following canonical decomposition: g = h + m, where Proof. With the notation m as above, let v and w be elements of m whose ξ's are given by    
Then by Proposition 2.2, m
′ is a totally geodesic sub-manifold if and only if
Some calculations show the following equality 
Then, at least one of the summands is non-zero, say
This means that we can find a new basis for span{v, w} with
Then the equation pv + qw = iv is quickly reduced to p = 0 and q = 1 (from k = 1), and hence we obtain x k = b k , y k = −a k for all k = 2, . . . , n. This shows w = iv, and the space spanned by v and w has a complex structure.
For the second part of the statement, it is enough to observe that 
2 , where L(γ) is the length of γ.
The complex Heisenberg group H 2n+1
We consider H 2n+1 . This is R × C n with group operation given by
where Im{zz ′ } is the imaginary part of the complex number z 1 z
This is a 2-step nilpotent Lie group with center Z(H 2n+1 ) = R. In the case of n = 1, H 3 is isomorphic to the ordinary 3-dimensional Heisenberg group by
For the sake of computations, we use the following affine representation of H 2n+1 into Aff(2n + 1) ⊂ GL(2n + 2):
The Lie algebra has a following orthonormal basis 
